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ABSTRACT

Upon a change of input data, one usually wants an update of output
computed from the data rather than recomputing the whole output
over again. In Formal Concept Analysis, update of concept lattice of
input data when introducing new objects to the data can be done by
any of the so-called incremental algorithms for computing concept
lattice. The algorithms use and update the lattice while introducing
new objects to input data one by one. The present concept lattice
of input data without the new objects is thus required by the
computation. However, the lattice can be large and may not fit into
memory. In this paper, we propose an efficient algorithm for updating
the lattice from the present and new objects only, not requiring the
possibly large concept lattice of present objects. The algorithm results
as a modification of the Close-by-One algorithm for computing the
set of all formal concepts, or its modifications like Fast Close-by-One,
Parallel Close-by-One or Parallel Fast Close-by-One, to compute new
and modified formal concepts and the changes of the lattice order
relation only. The algorithm can be used not only for updating the
lattice when new objects are introduced but also when some existing
objects are removed from the input data or attributes of the objects
are changed. We describe the algorithm, discuss efficiency issues
and present an experimental evaluation of its performance and a
comparison with the AddIntent incremental algorithm for computing
concept lattice.
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1. Introduction

In applications of Formal Concept Analysis (FCA) (Ganter and Wille 1999; Wille 1982),
the input data are often not fixed during the life of the application and concept lattice
is not computed from the data once. The changes of input data result in corresponding
changes of concept lattice of the data. To compute the new concept lattice, one would like
to compute the changes only and “update” the present lattice instead of recomputing the
whole lattice again from the new data.

A particular change of object-attribute relational data which are processed by FCA,
namely the introduction of new objects described by given values of attributes, can be
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handled by the so-called incremental algorithms for computing concept lattice. Several
such algorithms were in the past described in the literature, for instance Norris’s (1978),
Godin, Missaoui, and Alaoui (1995), the incremental concept lattice update algorithms
presented in Carpineto and Romano (2004) (Object Intersections) or a generic scheme and
a framework for such algorithms in Valtchev, Hacene, and Missaoui (2003) and Valtchev,
Missaoui, and Godin (2008), respectively. Amore recent one, considered one of the up-to-
date most efficient incremental algorithms for computing concept lattice, is the AddIntent
algorithm (van der Merwe, Obiedkov, and Kourie 2004). The algorithms build/update the
lattice incrementally by adding objects of input data, one by one, to the present concept
lattice computed so far fromalready processed objects (starting from the first object and the
empty concept lattice). The lattice is requisite for the computation and the present lattice
of data before the introduction of new objects is required for the update of the lattice
after adding the objects. However, for bigger input data that lattice becomes quickly very
large and may not fit into memory (or even hard disk) for the computation. Moreover,
an application which uses the lattice may (need) not store it at all – due to the space
requirements it may even be impossible – or may store it only partially. Alternatively,
the lattice can be (partially) stored at a different, e.g. presentation only, place than the
computation place. Or there can be other drawbacks or disadvantages of keeping the
whole lattice for the computation. In addition, handling of the other changes of input data
like deletion or alteration (i.e. changing of values of attributes) of existing objects would
call for more or less extensive modifications of a particular incremental algorithm.

In the following, we propose an efficient algorithm for updating the concept lattice,
i.e. computing the lattice changes resulting by input data changes, from the present
(already processed) and new input data objects only. The algorithm does not require the
concept lattice of present objects for the computation, thus its memory requirements are
negligible in comparison to incremental concept lattice algorithms. The algorithm results
as a modification of Kuznetsov’s Close-by-One (CbO) algorithm (Kuznetsov 1989, 1993,
1999) for computing the set of all formal concepts or any of its recent derivatives including
Fast Close-by-One (FCbO) (Outrata and Vychodil 2012), Parallel Close-by-One (PCbO)
(Krajca, Outrata, and Vychodil 2010b) or Parallel Fast Close-by-One (PFCbO) (Krajca,
Outrata, and Vychodil 2010a). When introducing new objects to input data (resulting in
new data) the modified algorithm computes and outputs the resulting new and modified
formal concepts only together with the respective changes in the lattice order relation.

Note here that:

(1) [new formal concept]…a concept in new data with (some of the) introduced objects
in its object set (extent) and with attribute set (intent) not equal to intent of any
concept in the data before the update;
[modified formal concept] …a concept in new data with the same intent as some
existing concept in data before the update and enlarging its extent by (some of the)
introduced objects;
[old formal concept] …all other formal concepts in new data as well as the data
before update;

(2) introducing new objects to input data cannot result in removal of formal concepts
from the concept lattice (Godin, Missaoui, and Alaoui 1995; Valtchev andMissaoui
2001);
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(3) since the concept lattice is not required and not used by the introduced algorithm,
the computed changes of the lattice are output only and have to be applied where
the (part of the) lattice is stored.

Moreover, with the same algorithm, we can easily handle also the change of input data
consisting of deleting existing objects. Just consider the new objects from above to be some
objects of input data to be deleted from the data and the present objects to be the objects
which remain in the input data after the deletion. The computed formal concepts are then
to be interpreted as the concepts to remove or modify, together with the “inverse” changes
of the lattice order relation. Obviously, the change by altering objects can be handled by
first deleting and then by introducing the altered objects, interpreting the output formal
concepts accordingly. Of course, there is a possibility to combine the necessary actions of
creating, modifying and deleting formal concepts into a single, more efficient, algorithm
but this would make the algorithm (and its description) just needlessly more complicated.
Finally, changes of input data by introducingnewanddeleting or altering existing attributes
can be handled (better than by altering objects) by the algorithm redescribed with objects
and attributes switched, or by the present algorithm with objects and attributes switched
in the input data (transposed data) and in the output formal concepts.

The algorithm is described in Section 2, for the case of changing input data by in-
troducing new objects, including an illustrative example. In Section 3, we present an
experimental evaluation of performance of the algorithm and a comparison with the
AddIntent algorithm (van der Merwe, Obiedkov, and Kourie 2004).

2. The algorithm

Wedescribe the algorithm as amodification of the FCbO algorithm (Outrata andVychodil
2012), as it happens to be one of the up-to-datemost efficient (sequential/serial) derivatives
ofCbO(Kirchberg et al. 2012). In essence, themodifications equally apply also tootherCbO
derivatives and CbO itself. A deep knowledge of FCbO is not required in the description,
however, a basic knowledge is beneficial. We recall (the parts of) the algorithm when
necessary, otherwise we refer to Outrata and Vychodil (2012). The modification consists
of two parts: (1) computing new and modified formal concepts only when introducing
new objects to input data and (2) determining changes in the lattice order relation. We
describe the parts separately in Sections 2.1 and 2.2.

In the description below, we assume a reader is familiar with basics of FCA; see
Carpineto and Romano (2004), Ganter and Wille (1999) for reference if needed. We only
briefly review our notation used in the rest of the paper. Input object-attribute data (formal
context) are denoted by the triplet 〈X,Y , I〉, with assumed finite nonempty sets of objects
X = {0, 1, . . . ,m} and attributes Y = {0, 1, . . . , n}, and I ⊆ X × Y being an incidence
relation with 〈x, y〉 ∈ I saying that object x ∈ X has attribute y ∈ Y . Concept-forming
operators defined on I as usual (Ganter and Wille 1999) are denoted by ↑I : 2X �→ 2Y

and ↓I : 2Y �→ 2X . B(X,Y , I)= {〈A,B〉 ∈ 2X × 2Y |A = B↓I ,B = A↑I } denotes the set
of all formal concepts in I and the partial order relation on B(X,Y , I), forming together a
concept lattice, is denoted by ≤ and defined also as usual: 〈A1,B1〉 ≤ 〈A2,B2〉 if A1 ⊆ A2
(iff B2 ⊆ B1).
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2.1. New andmodified concepts

In this section we describe how to compute new and modified formal concepts when
introducing new objects to input data (i.e. updating the data). Let us suppose we are
introducing to input data 〈X,Y , I〉 (finite nonempty set of) new objects XN = {m +
1, . . . ,mU }, not present in X (XN ∩X = ∅) and sharing (finite nonempty set of) attributes
YN = {i, . . . , k}.Wedonot assume any overlap ofYN andY (YN can contain new attributes
not present in Y ) but in the usual scenario we have YN ⊆ Y . Denote the incidence relation
between XN and YN by N ⊆ XN × YN and the new/updated input data with new objects
added by the triplet 〈XU ,YU , IU 〉. Here, XU = X ∪ XN = {0, . . . ,mU },YU = Y ∪ YN =
{0, . . . , nU }, nU = k if k > n and nU = n otherwise, and IU ⊆ XU × YU such that
IU∩(X×Y )= I , IU∩(XN×YN )= N and IU∩(X×(YN \Y ) )= IU∩(XN×(Y \YN ) )= ∅.
Hence IU is the union of I and N both extended to XU and YU .

First, observe that attributes of YN which are not shared by any of objects XN cannot
participate in any new nor modified formal concept of B(XU ,YU , IU ), with the exception
of the formal concept 〈Y↓IU

U ,YU 〉. Hence we will assume in the following, without loss
of generality, that all attributes of YN are shared by at least one object from XN . For an
algorithm for computing new and modified formal concepts only it is then sufficient to
process attributes YN only.

Now, for any BU = B↓IU ↑IU ⊆ YN , if BU = B = B↓I↑I then formal concept 〈AU ,BU 〉 ∈
B(XU ,YU , IU ) with the same intent BU = B as formal concept 〈A,B〉 ∈ B(X,Y , I) is a
modified formal concept enlarging the extent of 〈A,B〉 by objectsAU \A ⊆ XN if (and only
if) AU ⊃ A (otherwise no objects from XN share the attributes BU = B and 〈AU ,BU 〉 =
〈A,B〉 is an old formal concept). Otherwise, if BU ⊂ B = B↓I↑I (since the ⊃ inclusion
cannot happen sinceXU ⊃ X) then the formal concept 〈AU ,BU 〉 ∈ B(XU ,YU , IU ) is a new
formal concept and the formal concept 〈A,B〉 ∈ B(X,Y , I) is called its generator (Godin,
Missaoui, and Alaoui 1995; Valtchev and Missaoui 2001). In both cases, AU ∩ X = A.

We use the above presented ideas to modify the FCbO algorithm described in Outrata
and Vychodil (2012) as recursive procedure FASTGENERATEFROM. The procedure computes
and lists the set B(X,Y , I) of all formal concepts of input data 〈X,Y , I〉. We modify the
procedure to compute and list the new and modified formal concepts of 〈XU ,YU , IU 〉
only when adding new objects XN described by attributes YN to 〈X,Y , I〉. The modified
procedure UPDATEFASTGENERATEFROM is depicted in Algorithm 1. The original procedure
FASTGENERATEFROM is thoroughly described inOutrata andVychodil (2012), so we describe
only the modifications introduced in UPDATEFASTGENERATEFROM.

The procedure accepts as its arguments an initial formal concept 〈A,B〉 of 〈XU ,YU , IU 〉,
the first attribute y ∈ YN to be processed and a set {Ny ⊆ YU | y ∈ YU } of subsets of
attributes YU ; see Section 2.2 or Outrata and Vychodil (2012) for the meaning of the set.
The procedure further uses local variables queue as a temporary storage for computed
formal concepts and My (y ∈ YU ) as sets of attributes which are used in place of Ny for
further invocations of the procedure. After invocation, the procedure recursively descends
through the space of new andmodified formal concepts of 〈XU ,YU , IU 〉 resulted by adding
new objects XN described by attributes YN to 〈X,Y , I〉.

When invoked, UPDATEFASTGENERATEFROM first checks if (A ∩ X)↑IU does not equal B
(line 1), in which case 〈A,B〉 is a new formal concept (see above) which is listed as such.
If, otherwise, (A∩ X)↑IU equals B and if further (A∩ X)⊂ A (line 4), 〈A,B〉 is a modified
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Algorithm 1: Procedure UPDATEFASTGENERATEFROM(〈A,B〉, y, {Ny | y ∈ YU }),
cf. Outrata and Vychodil (2012)
Input : formal concept 〈A,B〉 of 〈XU ,YU , IU 〉, attribute y ∈ YN (or a number ≥ nU ) and set

{Ny ⊆ YU | y ∈ YU } of subsets of attributes YU
Output: lists all new and modified formal concepts of 〈XU ,YU , IU 〉

1 if (A ∩ X)↑IU �= B then
2 list 〈A,B〉 as new (e.g. print it on screen or store it);
3 else
4 if (A ∩ X)⊂ A then
5 list 〈A,B〉 as modified (e.g. print it on screen or store it);
6 else
7 return
8 end
9 end

10 if B = YU or y > nU then
11 return
12 end
13 for j from nU downto y do
14 setMj to Nj ;
15 if j �∈ B and j ∈ YN and Nj ∩ YU ,j ⊆ B ∩ YU ,j then
16 set C to A ∩ {j}↓IU ;
17 set D to C↑IU ;
18 if B ∩ YU ,j = D ∩ YU ,j then
19 put 〈〈C,D〉, j + 1〉 to queue;
20 else
21 setMj to D;
22 end
23 end
24 end
25 while get 〈〈C,D〉, j〉 from queue do
26 UPDATEFASTGENERATEFROM(( 〈C,D〉, j, {My | y ∈ YU }));
27 end
28 return

formal concept and it is as such listed. If (A∩ X)= A, 〈A,B〉 is an old formal concept and
the procedure returns. Afterwards the procedure behaves exactly as the original procedure
FASTGENERATEFROM (see Outrata and Vychodil 2012 for full description) with two excep-
tions. First, it goes through attributes j from nU down to y (line 13) instead of from y up to
nU as in the original procedure described in Outrata and Vychodil (2012). The reversed
order is not important here and it only changes the order in which formal concepts
are computed and listed (for listing namely to the lectic order of Ganter’s NextClosure
algorithm (Ganter 1984); see Outrata and Vychodil 2012). However, the order will become
important in the lattice order relation computation part described in Section 2.2. Second,
the procedure goes through attributes j ∈ YN only (line 15) as clarified above. Let us only
recall that the set YU ,j ⊆ YU is defined by

YU ,j = {y ∈ YU | y < j}.

In order to list all new and modified formal concepts of 〈XU ,YU , IU 〉, each of them
exactly once, we invoke UPDATEFASTGENERATEFROM with 〈∅↓IU , ∅↓IU ↑IU 〉, y being the first
attribute in YN and {Ny = ∅ | y ∈ YU } as its initial arguments. The correctness of
Algorithm 1 follows from the correctness of the FCbO algorithm (Outrata and Vychodil
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2012) with the reversed order of processing attributes (also discussed in that paper) and
the above description of its modification.

Example 1: We illustrate Algorithm 1 on the following example. Consider an input data
given in a usual way (rows correspond to objects, columns to attributes and table entries
indicate whether an object has an attribute) by the upper part, rows 0 to 2, of the table
depicted below (left). The data induces 8 formal concepts C1 to C8 depicted on the right.

We introduce to the data two new objects represented by rows 3 and 4 of the lower part
of the table. The introduction results in induction of five new formal concepts C9 to C13
and five modified formal concepts C∗

_ depicted below the old formal concepts. The
concepts are listed down-right in order in which they are listed by procedure
UPDATEFASTGENERATEFROM.
Remark 1: Algorithm 1 can be easily used to list all formal concepts of a input data
〈XC ,YC , IC〉 in an incremental way, i.e. processing the data object by object, as incremental
algorithms for computing concept lattice do. Namely, we invoke procedure
UPDATEFASTGENERATEFROM with initial arguments repeatedly for each object i ∈ XC =
{0, . . . , nC}, setting 〈X,Y , I〉 := 〈{0, . . . , i − 1},⋃i−1

j=0{j}↑IC , IC ∩ ( {0, . . . , i − 1} × ⋃i−1
j=0

{j}↑IC ) 〉, XN := {i}, YN := {i}↑IC and N := XN × YN for each invocation, and filter out
listedmodified formal concepts listing new formal concepts only. Such a computation of all
formal concepts of data is, however, quite inefficient due to many repeated computations
of formal concepts listed as modified, see the performance evaluation in Section 3. The
concepts are filtered out from listing but, however, necessary to compute in order to
decide whether a concept is new or modified. Incremental algorithms iterate over the (so
far) incrementally computed and stored concept lattice to decide and compute new formal
concepts which is more efficient. A trade-off, as discussed in the introduction Section 1,
is that the concept lattice is required for the computation and must be stored by the
incremental algorithms. Algorithm 1, on the other hand, requires input data only and does
not need to store anything.
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2.2. Lattice order relation

In this section, we describe how to determine the changes in the concept lattice order
relation which need to be done with the addition of new formal concepts to the lattice.

However, in order to determine the changes in concept lattice order relation by extend-
ing the modified FCbO algorithm introduced in the previous Section 2.1, we first need to
determine the concept lattice order relation alone. This is due to the fact that the FCbO
algorithm, as well as the modification, compute the set of formal concepts of input data
only. So, in the following, we describe an extension of the FCbO algorithm (Outrata and
Vychodil 2012) to determine the concept lattice order relation ≤ on the set of all formal
conceptsB(X,Y , I) computed by FCbO. As a result, we create an algorithm for computing
concept lattice of 〈X,Y , I〉. In fact, wewill not determine thewhole order relation but rather
its cover relation. Recall that the cover relation on B(X,Y , I) for ≤ is defined such that
a formal concept 〈A2,B2〉 covers a formal concept 〈A1,B1〉 if 〈A1,B1〉 ≤ 〈A2,B2〉 and
there is no formal concept 〈A3,B3〉 distinct from both 〈A1,B1〉 and 〈A2,B2〉 such that
〈A1,B1〉 ≤ 〈A3,B3〉 ≤ 〈A2,B2〉 (i.e. the cover relation is the transitive reduct of ≤). And
since we do not store and use the computed concept lattice in our final algorithm for
updating the lattice, we will not store and use the computed formal concepts nor the
concept lattice order cover relation in the extended FCbO algorithm as well. Besides listing
the formal concepts, we will only list the pairs of formal concepts to be created in the
relation.

We now describe how to extend the FCbO algorithm, as described in Outrata and
Vychodil (2012), in order to determine the concept lattice order cover relation on the set of
computed formal concepts, i.e. to compute the concept lattice. For a pseudocode of FCbO,
we can use the pseudocode depicted in Algorithm 1 if we look apart from themodifications
to FCbO introduced there (the check whether 〈A,B〉 is a new or modified formal concept
between lines 1 and 9 and going through attributes from YN only at line 15). In that
case, we obtain the original procedure FASTGENERATEFROM from Outrata and Vychodil
(2012) with the reversed order of attribute processing. To follow, we will need a little
knowledge of the FCbO algorithm now. The algorithm, see the pseudocode of procedure
UPDATEFASTGENERATEFROM, for all attributes j ∈ Y such that y ≤ j ≤ n which are not
present in B (lines 13 and 15), computes a formal concept 〈C,D〉 = 〈A∩{j}↓, (A∩{j}↓)↑ 〉
(lines 16 and 17) from a formal concept 〈A,B〉 if j passes the (FCbO) test Nj ∩ Yj ⊆
B ∩ Yj (line 15). Attributes Nj are just “saved” attributes D from some previous recursive
invocation of the procedure (see lines 21 and 26). The concept is further processed (and
listed) only if it passes also the canonicity test B∩ Yj = D ∩ Yj (line 18). Note that the first
test fails if (Nj \ B)∩Yj �= ∅ and the second test fails if (D \ B)∩Yj �= ∅.

Next, certainly 〈C,D〉 ≤ 〈A,B〉. However, the formal concepts need not fulfil the
definition of cover relation. To verify it, we use a test known from Lindig’s NextNeighbor
algorithm(Lindig 2000). The test is basedon the fact that a formal concept 〈A,B〉 �= 〈Y↓,Y〉
covers a formal concept 〈C,D〉 = 〈A∩ {j}↓, (A∩ {j}↓)↑ 〉, j �∈ B iff (A∩ {k}↓)↑ = D for all
attributes k ∈ D \ B (cf. Theorem 1 in Lindig 2000). Now, in the test we can conveniently
utilize the above FCbO and canonicity tests of 〈C,D〉! If either of the tests fails due to some
k ∈(Nj \B)∩Yj, resp. k ∈(D\B)∩Yj, then 〈C,D〉 does not cover 〈A,B〉 if (A∩{k}↓)↑ �= D.
However, if otherwise, (A ∩ {k}↓)↑ = D for all such k and also (A ∩ {l}↓)↑ = D for all
l ∈ Nj \B, resp. l ∈ D\B, l > j, then 〈C,D〉 can be listed as covering 〈A,B〉when computed
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for some of those k instead of for j. Hence, in any case, 〈C,D〉 which fails the FCbO or
canonicity tests is not listed as covering 〈A,B〉. The sufficient and necessary conditions are
to test (A∩{k}↓)↑, resp. (A∩{l}↓)↑, for all the attributes l > j before and k < j after testing
〈C,D〉 = 〈A ∩ {j}↓, (A ∩ {j}↓)↑ 〉, j �∈ B. That explains the reversed order of processing
attributes j from n down to y instead of from y up to n as in the original FCbO procedure
in Outrata and Vychodil (2012). If 〈C,D〉 passes both the FCbO and canonicity tests, i.e.
(Nj \ B)∩Yj = D \ B)∩Yj = ∅, and (A ∩ {l}↓)↑ = D for all l ∈ Nj \ B, resp. l ∈ D \ B,
l > j, 〈C,D〉 is listed as covering 〈A,B〉.

Finally, recall that formal concepts 〈C,D〉 = 〈A∩{j}↓, (A∩{j}↓)↑ 〉 are computed from
〈A,B〉 in each invocation of (UPDATE)FASTGENERATEFROM for attributes j ≥ y only. In order
to determine and list also formal concepts 〈E, F〉 = 〈A∩{i}↓, (A∩{i}↓)↑ 〉 as covering 〈A,B〉
for attributes 0 ≤ i < y − 1 which are not present in B (note that 0 ≤ i = y − 1 is always
present in B since 〈A,B〉 was computed by adding y − 1 in the previous recursive stage of
the procedure), we need to compute and test the concepts. And due to the above condition
of testing (A∩ {k}↓)↑ for all attributes k < j after testing 〈C,D〉 = 〈A∩ {j}↓, (A∩ {j}↓)↑ 〉,
we need to do it after processing formal concepts 〈C,D〉 above. Unfortunately, due to the
(necessary) order in which formal concepts are computed by the FCbOwith reversed order
of processing of attributes, the concepts 〈E, F〉will be again computed in some of the future
stages of the algorithm after the computation of formal concepts 〈C,D〉. And, since formal
concepts are not stored in FCbO nor in our extension, we have to compute the concepts
〈E, F〉 repeatedly. On the other hand, to verify that 〈E, F〉 and 〈A,B〉 fulfil the definition
of cover relation we can test 〈E, F〉 within the Lindig’s NextNeighbor algorithm test used
above for testing the formal concepts 〈C,D〉 = 〈A∩ {j}↓, (A∩ {j}↓)↑ 〉 for attributes j ≥ y.

The modified procedure LATTICEFASTGENERATEFROM, which implements the above pre-
sented ideas to the original FCbO procedure FASTGENERATEFROM, is depicted in
Algorithm 2. LATTICEFASTGENERATEFROM extends FASTGENERATEFROM by determining the
concept lattice order cover relation on the set of formal concepts computed by
FASTGENERATEFROM, i.e. to compute the concept lattice. As with the procedure
UPDATEFASTGENERATEFROM in Section 2.1, we describe only the modifications introduced
to FASTGENERATEFROM.

The modifications extend the original FCbO procedure by including the processing
of attributes in the reversed order (lines 6 and 23), integrating the test of fulfilling the
definition of cover relation by pairs of a formal concept computed from 〈A,B〉 and 〈A,B〉
and by recomputing and testing the concepts 〈E, F〉 = 〈A ∩ {i}↓, (A ∩ {i}↓)↑ 〉, i �∈ B for
attributes 0 ≤ i < y−1 (lines 23 to 33). The test of fulfilling the definition of cover relation
is performed according to the description above, only in a slightly modified form using the
min local variable (lines 5, 8, 14, 16 and 27, 28, 30) borrowed from the original description
of Lindig’s NextNeighbor algorithm in Lindig (2000). If a pair of formal concepts passes
the test it is listed as to be created in the cover relation (lines 15 and 29). Note again that
the reversed order of attribute processing only changes the order in which formal concepts
are computed and listed (for listing to the lectic order of Ganter’s NextClosure algorithm,
see Outrata and Vychodil 2012). The other modifications do not change the original FCbO
algorithm as well.

In order to output the concept lattice of 〈X,Y , I〉, that is to list all formal concepts of
〈X,Y , I〉, each of them exactly once, together with all pairs of formal concepts in the
cover relation of concept lattice of 〈X,Y , I〉, each pair listed exactly once, we invoke
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Algorithm 2: Procedure LATTICEFASTGENERATEFROM(〈A,B〉, y, {Ny | y ∈ Y}),
cf. Outrata and Vychodil (2012)
Input : formal concept 〈A,B〉 of 〈X,Y , I〉, attribute y ∈ Y (or a number ≥ n) and set {Ny ⊆ Y | y ∈ Y} of

subsets of attributes Y
Output: lists all formal concepts of 〈X,Y , I〉 and all pairs of formal concepts in the cover relation of concept

lattice of 〈X,Y , I〉
1 list 〈A,B〉 (e.g. print it on screen or store it);
2 if B = Y or y > n then
3 return
4 end
5 set min to Y ;
6 for j from n downto y do
7 setMj to Nj ;
8 set min tomin \ {j};
9 if j �∈ B and Nj ∩ Yj ⊆ B ∩ Yj then

10 set C to A ∩ {j}↓;
11 set D to C↑;
12 if B ∩ Yj = D ∩ Yj then
13 put 〈〈C,D〉, j + 1〉 to queue;
14 if B ∩ min = D ∩ min then
15 list 〈〈C,D〉, 〈A,B〉〉 (e.g. print C and A, or D and B, on screen or store them);
16 set min tomin ∪ {j};
17 end
18 else
19 setMj to D;
20 end
21 end
22 end
23 for i from y − 2 downto 0 do
24 if i �∈ B then
25 set E to A ∩ {i}↓;
26 set F to E↑;
27 set min tomin \ {i};
28 if B ∩ min = F ∩ min then
29 list 〈〈E, F〉, 〈A,B〉〉 (e.g. print E and A, or F and B, on screen or store them);
30 set min tomin ∪ {i};
31 end
32 end
33 end
34 while get 〈〈C,D〉, j〉 from queue do
35 LATTICEFASTGENERATEFROM(( 〈C,D〉, j, {My | y ∈ Y}));
36 end
37 return

LATTICEFASTGENERATEFROM with 〈∅↓, ∅↓↑〉, y = 0 and {Ny = ∅ | y ∈ Y} as its initial
arguments. The correctness ofAlgorithm2 follows from the correctness of FCbOalgorithm
(Outrata andVychodil 2012) with the reversed order of processing attributes and the above
description of its extension.

2.2.1. Update of concept lattice
Now, the determination of changes in (the cover relation of) concept lattice of 〈X,Y , I〉
which need to be done in reaction to the introduction of new objects to input data is
then a matter of proper merge of procedures UPDATEFASTGENERATEFROM and LATTICEFAST
GENERATEFROM in Algorithms 1 and 2, respectively.

The merged procedure LATTICEUPDATEFASTGENERATEFROM is depicted in Algorithm 3.
We needed to take care of two things in the merge. First, we want to list only (new) pairs
of formal concepts to be created in the lattice order relation which contain a new formal



10 J. OUTRATA

concept. Pairs not containing a new formal a concept do not constitute a change in the
lattice order relation (those are old pairs). To verify this, we moved the test on whether a
formal concept 〈A,B〉 is new (line 1 in UPDATEFASTGENERATEFROM) from the beginning of
the procedure to places before listing the pairs of a formal concept newly computed from
〈A,B〉 and 〈A,B〉 (lines 22 and 38). The moved test was adjusted for the newly computed
formal concepts 〈C,D〉 and 〈E, F〉, respectively. In the case of 〈C,D〉, the test had to be
moved already before the concept is put to the temporary storage (represented by local
variable queue, line 19) and we had to test also whether the concept is modified or old
(lines 17 and 18, note the new local variable nnew). Since we need to store and pass in
the recursive call the information whether the concept is new or modified (new argument
new and lines 19, 45 and 46) and use it in the listing of the concept at the beginning of the
procedure (line 1) and in the listings of (new) pairs.

Second, only attributes j ≥ y from YN are processed in UPDATEFASTGENERATEFROM
(line 15). In order to determine and list also formal concepts 〈E, F〉 = 〈A ∩ {j}↓IU , (A ∩
{j}↓IU )↑IU 〉 covering 〈A,B〉 for attributes j ≥ y not in YN , we have to process the attributes
together with attributes i < y−1 (line 23 in LATTICEFASTGENERATEFROM), only before them.
Thus, the extended loop at line 32 in LATTICEUPDATEFASTGENERATEFROM.

In order to output the update of concept lattice of 〈XU ,YU , IU 〉, that is to list all
new and modified formal concepts of 〈XU ,YU , IU 〉, each of them exactly once, together
with all new pairs of formal concepts (i.e. containing a new formal concept) in the
cover relation of concept lattice of 〈XU ,YU , IU 〉, each pair listed exactly once, we invoke
LATTICEUPDATEFASTGENERATEFROM with 〈∅↓IU , ∅↓IU ↑IU 〉, new = true/false depending on
whether 〈∅↓IU , ∅↓IU ↑IU 〉 is new or modified, y being the first attribute in YN and {Ny =
∅ | y ∈ YU } as its initial arguments. Whether 〈∅↓IU , ∅↓IU ↑IU 〉 is new or modified is checked
before the invocation of LATTICEUPDATEFASTGENERATEFROM using the test at line 17 of the
procedure (using 〈C,D〉 = 〈∅↓IU , ∅↓IU ↑IU 〉). The correctness of Algorithm 3 follows from
the correctness of Algorithm 1 and Algorithm 2 and the above description.

Remark 2: Note that we handle only creation of new pairs of formal concepts in the cover
relation in our concept lattice update algorithm. The changes in the relation triggered as
a reaction to the introduction of new objects to input data include, however, also deletion
of pairs of formal concepts. Those are the pairs 〈〈G,H〉, 〈I , J〉〉 of modified or old formal
concepts only (the pairs would be represented by “transitive edges” in the Hasse diagram
of concept lattice). The pairs shall be deleted in the relation and “replaced” by sequences of
(new) pairs containing new formal concepts 〈G,H〉 ≤ 〈K , L〉 ≤ 〈I , J〉 (and the “transitive
edges” be deleted). We cannot handle those deletions in our algorithm since it would
require storing parts of the concept lattice (order relation) and that is something we do not
(want to) do in our algorithm. The deletions shall be done by an application which uses
(and stores the parts of) the concept lattice cover relation.

Example 2: We illustrate Algorithms 2 and 3 for the input data from Example 1. Below
(top left) there is depicted concept lattice consisting of the 8 formal conceptsC1 toC8, with
the concepts and pairs of concepts in cover relation of the lattice, below the lattice, listed
in the order in which they are listed by procedure LATTICEFASTGENERATEFROM.

Next to the lattice, there is then the concept lattice and below the listing of the 8
formal concepts a listing of the five new formal concepts C9 to C13 and new pairs in the
cover relation after the introduction of the two new objects (rows 3 and 4 in the table in



INTERNATIONAL JOURNAL OF GENERAL SYSTEMS 11

Algorithm 3: Procedure LATTICEUPDATEFASTGENERATEFROM(〈A,B〉,new, y, {Ny | y ∈
Y}), cf. Outrata and Vychodil (2012)
Input : formal concept 〈A,B〉 of 〈XU ,YU , IU 〉, new = true/false depending on whether 〈A,B〉 is new or

modified, attribute y ∈ YN (or a number≥ nU ) and set {Ny ⊆ YU | y ∈ YU } of subsets of attributes YU
Output: lists all new and modified formal concepts of 〈XU ,YU , IU 〉 and all new pairs of formal concepts in the

cover relation of concept lattice of 〈XU ,YU , IU 〉
1 if new = true then
2 list 〈A,B〉 as new (e.g. print it on screen or store it);
3 else
4 list 〈A,B〉 as modified (e.g. print it on screen or store it);
5 end
6 if B = YU or y > nU then
7 return
8 end
9 set min to YU ;

10 for j from nU downto y do
11 setMj to Nj ;
12 set min tomin \ {j};
13 if j �∈ B and j ∈ YN and Nj ∩ YU ,j ⊆ B ∩ YU ,j then
14 set C to A ∩ {j}↓IU ;
15 set D to C↑IU ;
16 if B ∩ YU ,j = D ∩ YU ,j then
17 nnew =( (C ∩ X)↑IU �= D);
18 if nnew = true or (C ∩ X)⊂ C then
19 put 〈〈C,D〉, nnew, j + 1〉 to queue;
20 end
21 if B ∩ min = D ∩ min then
22 if new = true or nnew = true then
23 list 〈〈C,D〉, 〈A,B〉〉 (e.g. print C and A, or D and B, on screen or store them);
24 end
25 set min tomin ∪ {j};
26 end
27 else
28 setMj to D;
29 end
30 end
31 end
32 for i from nU downto y not in YN and from y − 2 downto 0 do
33 if i �∈ B then
34 set E to A ∩ {i}↓IU ;
35 set F to E↑IU ;
36 set min tomin \ {i};
37 if B ∩ min = F ∩ min then
38 if new = true or (E ∩ X)↑IU �= F then
39 list 〈〈E, F〉, 〈A,B〉〉 (e.g. print E and A, or F and B, on screen or store them);
40 end
41 set min tomin ∪ {i};
42 end
43 end
44 end
45 while get 〈〈C,D〉, nnew, j〉 from queue do
46 LATTICEFASTGENERATEFROM(〈C,D〉, nnew, j, {My | y ∈ YU });
47 end
48 return
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Example 1) into the data. The new pairs are depicted in bold face in the lattice and
the listing of concepts and pairs of concepts are again listed down-right in order in
which they are listed by a procedure LATTICEUPDATEFASTGENERATEFROM. The pairs 〈C4,C2〉,
〈C3,C1〉, 〈C4,C3〉, 〈C8,C6〉 and 〈C7,C5〉 which do not exist any more in the cover relation
after the update were deleted in the depiction, as the using application would do as
explained above in Remark 2.

3. Experimental evaluation

The asymptotic worst-case time complexity of Algorithm 1 remains the same as for the
FCbO (and CbO) algorithm, O( |B(X,Y , I) |·|Y |2·|X|), because when “introducing” all
objects to empty data it actually performs FCbO. The complexity of Algorithms 2 and 3 is
in the worst case |Y | factor higher but on average they perform a constant factor slower
than FCbO.

We have run several experiments to evaluate the performance of the presented algo-
rithms. For the listing of all formal concepts and computing concept lattice of input data,
we also compared the algorithms with the AddIntent incremental algorithm (van der
Merwe, Obiedkov, and Kourie 2004) for computing concept lattice. In the comparison, we
also run Algorithms 1 and 3 in the way processing input data incrementally, as mentioned
in Remark 1. This was done for the sake of presenting a fairer comparison with the
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true incremental algorithm although such a usage of our algorithms is not efficient (as
mentioned in the remark).

In the experiments,weusedour implementations of thepresented algorithms inANSIC,
which are modifications of our (performance efficient) FCbO algorithm implementation
used for performance evaluation in Outrata and Vychodil (2012). The implementation
of the AddIntent algorithm was borrowed from one of the authors of van der Merwe,
Obiedkov, and Kourie (2004).

The experiments were run on otherwise idle 32-bit i386 hardware (2 × 2 Intel Xeon
3.2 GHz, 3 GB RAM). We were interested in the performance of all algorithms measured
by running time and memory usage. We have run the algorithms on both synthetic
randomly generated data with various size and percentage of ×s in the table (fill ratio,
with normal distribution) as well as with six selected real benchmark data-sets from the
UCI Machine Learning Repository (Bache and Lichman 2013) (mushroom, anonymous-
msweb, T10I4D100K and vote) and the Coron DataMining Platform (Kaytoue et al. 2010)
(c20d10k and t25i10d10k).

In the first set of experiments, we evaluatedAlgorithm1 for updating the set of all formal
concepts (computing new and modified concepts) when introducing new objects to input
data. The performance for introducing a single new object (with randomly generated
attributes) to random data with 100,000 objects is illustrated in Figure 1. The graphs show
the dependency of time required to compute the update on the number of attributes, of
data with fixed table fill ratio 5% (the graph on the left) and on the fill ratio of tables
with fixed 150 attributes (the graph in the middle). Figure 1 (right) then illustrates the
performance for introducing a growing number of new objects to random data with the
number of objects being 100,000 minus the number of the new objects, 200 attributes and
5% table fill ratio. Note that the number of new objects in the graph is in logarithmic scale
(base 10). The illustration for the benchmark data-sets, of the performance of introducing
a growing number of last objects of the data to the data without the objects, is presented
in Figure 2. In the graphs, the solid line is for data with objects ordered as in the original
data-set and the dashed line is for data with randomly ordered objects (the time is an
average from three orderings).

We can see from the graphs showing the performance of updating the set of all formal
concepts when introducing a single new object to the data (Figure 1, left and middle) that
this operation is extremely fast compared to computing all formal concepts (the latter took
7423 seconds for 500 attributes and 363 seconds for fill ratio 10%!). The reason is of course
computing only a bare fraction of new and modified formal concepts among all concepts.
Introducing more new objects (Figures 1, right, and 2) is much faster too, up to a limit of
the number of new objects depending on the total number of objects in data and then being
close to the time of computing all formal concepts (compare for benchmark data-sets with
the FCbO times in Table 1). Note also that running times for mushroom and c20d10k
data-sets differ for original and random orderings of objects.

In the second set of experiments, we evaluated Algorithm 2 for determining the cover
relation of concept lattice of input data. The time and memory performance for random
data is illustrated in Figure 3. The graphs on the left show the dependency of required time
(top) and memory (bottom) on the number of attributes, of data with 10,000 objects and
fixed table fill ratio 5%. The graphs in the middle show the dependency on the fill ratio of
tables with 1000 objects and fixed 100 attributes. Note that thememory usage in the graphs



14 J. OUTRATA

Fi
gu

re
1.
Ru

nn
in
g
tim

e
of
Al
go

rit
hm

1
on

ra
nd

om
da
ta
de
pe
nd

en
to

n
nu

m
be
ro

fa
tt
rib

ut
es

(o
n
th
e
le
ft,

in
tr
od

uc
in
g
a
sin

gl
e
ne
w
ob

je
ct
),
on

fil
lr
at
io
(p
er
ce
nt
ag
e
of

×s
,i
n
th
e
m
id
dl
e,
in
tr
od

uc
in
g
a
sin

gl
e
ne
w
ob

je
ct
)a
nd

on
nu

m
be
ro
fn
ew

ob
je
ct
s(
on

th
e
rig

ht
).



INTERNATIONAL JOURNAL OF GENERAL SYSTEMS 15

Fi
gu

re
2.
Ru

nn
in
g
tim

e
of
Al
go

rit
hm

1
de
pe
nd

en
to
n
nu

m
be
ro
fn
ew

(la
st
)o
bj
ec
ts
fo
rm

us
hr
oo
m
(to

p
le
ft)
,a
no

ny
m
ou

s-
m
sw

eb
(to

p
m
id
dl
e)
,T
10
I4
D
10
0K

(to
p
rig

ht
),

vo
te
(b
ot
to
m
le
ft)
,c
20
d1
0k

(b
ot
to
m
m
id
dl
e)
an
d
t2
5i
10
d1
0k

da
ta
-s
et
s(
bo

tt
om

rig
ht
),
so
lid

lin
e
–
or
ig
.o
bj
ec
to

rd
er
in
g,
da
sh
ed

lin
e
–
ra
nd

om
ob

je
ct
or
de
rin

g.



16 J. OUTRATA

Fi
gu

re
3.
Ru

nn
in
g
tim

e
(to

p)
an
d
m
em

or
y
us
ag
e
(b
ot
to
m
)d
ep
en
de
nt
on

nu
m
be
ro
fa
tt
rib

ut
es
(o
n
th
e
le
ft
an
d
rig

ht
)a
nd

on
fil
lr
at
io
(p
er
ce
nt
ag
e
of

×s
,in

th
e
m
id
dl
e)
,

so
lid

lin
e
–
Al
go

rit
hm

2
(le
ft,
m
id
dl
e)
/A
lg
or
ith

m
3
(ri
gh

t),
da
sh
ed

lin
e
–
Ad

dI
nt
en
t,
do

tt
ed

lin
e
–
FC
bO

(le
ft,
m
id
dl
e)
/A
lg
or
ith

m
1
(ri
gh

t).



INTERNATIONAL JOURNAL OF GENERAL SYSTEMS 17

is in logarithmic scale (base 10). The graphs show also the comparison with AddIntent
and the original FCbO algorithm; the solid line is for Algorithm 2, the dashed line is for
AddIntent and the dotted line is for FCbO. The performance for the benchmark data-sets
is presented in Table 1. Again, the times andmemory usages are given for data with objects
ordered as in the original data-set and for data with randomly ordered objects (the time
and memory usage is an average from three orderings), and we also put information on
size, fill ratio and the number of all formal concepts for each data-set.

From the graphs we can see that Algorithm 2 considerably outperforms AddIntent,
in terms of time, on synthetic random data (in particular for higher fill ratio of data
table), while for real benchmark data-sets, in the table, this must not always be the case
(T10I4D100K, c20d10k, t25i10d10k, closely mushroom). This, however, heavily depends
on the concept lattice structure (size of the cover relation) of the data-sets. We can also see
from the comparison with the FCbO algorithm, as to the rest expected, that determining
the cover relation takes considerably more time than computing just the set of the formal
concepts. The comparison of performance in terms of memory usage also resulted as
expected. Since Algorithm 2 does not store in memory the computed concept lattice (since
the algorithm does not use it), and its memory usage is very low and almost constant (and
almost the same as thememory usage of FCbO!) with both increasing number of attributes
and data table fill ratio. Contrary to that, AddIntent stores the lattice in memory (since
the algorithm needs it), and its memory usage increases very fast (exponentially) with the
lattice size. See also that ordering of objects in the benchmark data-sets makes almost
no difference in the performance of all algorithms (with the exception of the c20d10k
data-set).

Finally, a comparison of performance of Algorithms 1 and 3 with AddIntent, of com-
puting the set of all formal concepts or concept lattice when processing input data in-
crementally as mentioned in Remark 1, is presented in Figure 3 (right) and Table 2. The
graphs show the time (top) and memory usage (bottom) performance for the data with
10,000 objects and fixed table fill ratio 5% from the preceding evaluation of Algorithm 2
(again the time and memory usage is an average from three random orderings of objects);
the solid line is for Algorithm 3, the dashed line is for AddIntent and the dotted line is
for Algorithm 3. In the table we also put, for our algorithms, for the sake of comparison,
the numbers of formal concepts computed in total (for original ordering of objects in
data-sets).

The results are somewhat interesting here. First, from both the graph of time per-
formance for synthetic random data, Figure 3 (top right) and the table for benchmark
data-sets, Table 2, we can see that AddIntent significantly outperforms Algorithm 3. This
is not interesting and it was expected since, as mentioned by Remark 1, our algorithms are
not designed and meant to be used as incremental algorithms (processing objects one by
one). What is interesting, however, is that Algorithm 1, not determining the lattice cover
relation like AddIntent but the set of formal concepts only, outperforms AddIntent for
synthetic random data and for some benchmark data-sets (namely vote and t25i10d10k).
The inspection of for what types of data this is the case is a subject for future research.
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4. Conclusions

We have introduced algorithms for updating the set of all formal concepts of object-
attribute relational data when the data change (new objects or attributes are introduced or
existing are deleted or altered) by computing only new and modified formal concepts and
for determining the concept lattice order relation, i.e. for computing concept lattice of the
data. Together the algorithms form an algorithm for updating concept lattice of object-
attribute data from the data only, not requiring the possibly large concept lattice for the
computation as the so-called incremental concept lattice algorithms do. The algorithms
result as a modification or extension of the FCbO algorithm for computing the set of all
formal concepts of data and the modifications can be equally applied to any other recent
algorithms (PCbO, PFCbO) derived from Kuznetsov’s CbO algorithm. The experimental
evaluation of performance of the algorithms have shown that the update is performed
significantly faster than recomputing all formal concepts or whole concept lattice over
again and that the computation of concept lattice is performance comparable to existing
incremental algorithms for computing concept lattice. However, unlike those algorithms
our algorithms do not have memory requirements proportional to the size of computed
concept lattice.

Future research will be focused on further experimental and real-world application
evaluation of the algorithms andperformance comparisonwith other incremental (update)
algorithms for computing concept lattice.
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